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Abstract— In this research, breaker equations were
developed to conduct breaker height, breaker depth and
breaker length calculations. Wave number conservation
equation and mass/energy conservation equation are
extracted from velocity potential equation to be used in the
formulation of breaker equations. Breaker depth equation
is obtained from wave number conservation equation,
breaker steepness equation is obtained from kinematic free
surface boundary condition and using energy conservation
equation of linear wave theory, relation between breaker
height and breaker depth is obtained.
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I INTRODUCTION

Linear wave theory has been highly recognized and used by
researchers as well as engineers in conducting water wave
analysis. In addition, this wave theory is relatively easy, in
terms of its application and analyses, considering the
equations are in relatively simple form. Therefore, in this
research, breaker equations are formulated using velocity
potential of linear wave theory. This linear wave theory
was first developed by Airy (1841), therefore this equation
is also called Airy wave theory, whereas the latest one was
developed by Dean (1991) where this research uses several
equations from linear wave theory contained in Dean
(1991).

Velocity Potential equation of linear wave theory is
formulated based on flat bottom. Hutahaean (2010)
formulated velocity potential equation by completing
Laplace equation using variable separation method, for
sloping bottom, produces equal form of equation with
velocity potential of linear wave, with a little difference,
i.e. only at its hyperbolic function which shows that the
role of bottom slope at the velocity potential equation is
relatively small. Therefore, velocity potential of linear
wave theory can be done at the sloping bottom. By doing
velocity potential at the sloping bottom and based on the
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nature of the function of variable separation method, wave
number equation is obtained where the multiplication
between water depth and wave number is constant. Then,
by doing particle velocity equations at the continuity
equation, mass/energy conservation equation is obtained.
Substituting particle velocity equations and water surface
equation to kinematic free surface boundary condition
produces wave amplitude equation and then critical wave
steepness equation is obtained by differentiating amplitude
equation against horizontal-x axis where breaking occurs
when the first differential of wave amplitude is equal to
zero.

Working on kinematic free surface boundary condition
along with surface momentum equation of Hutahaean and
Hendra A. (2017) produces wave dispersion equation
where there is an influence of wave height on wave
number. This dispersion equation is used to calculate wave
number at the deep water.

The breaker depth that is developed consists of three
equations. The first equation is the relation between wave
number and wave height at the breaker location with wave
number and wave height at deep water depth that is
formulated using wave number conservation equation. The
second equation is critical breaker steepness equation
which is the relation between breaker height and breaker
wave number, obtained by differentiating kinematic free
surface boundary condition equation against horizontal-x
axis. The third equation is obtained from wave
conservation equation of linear wave theory, Dean (1991).
This equation is also the relation between wave number and
wave height at breaker location with wave number and
wave height at deep water depth. These three equations are
in the form of simple explicit equation, simple in its
calculation.

The result of the proposed equation is compared with the
result of the existing breaker index Breaker height is
compared with average breaker heights from various
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breaker height indexes. Whereas breaker depth is compared
with the result of the calculation of breaker depth using
SPM method (1984), breaker length is compared with the
result of breaker steepness of Miche (1944).

. VELOCITY POTENTIAL OF LINEAR
WATER THEORY
\Velocity potential of linear wave theory as the result of the
completion of Laplace equation (Dean, 1991) is:
#(x,z,t) = Geoskxcoshk (h + zlsingt ... 1)

x is horizontal axis, = is vertical axis where = = U at still
water level surface t time, ¢ wave constant, ¥ wave

number, ==, angular frequency, T wave period and &

still water depth.

The equation is formulated at the flat bottom condition,
however, Hutahaean (2010) obtained that the influence of
slopping bottom on velocity potential is small which is only
on its hyperbolic term only, i.e.

Flat bottom:

Rlh+zl —klh+z]

guln+El g

e -
coshk\h + =) =

Slopping bottom:

_5":2:' - C:E':‘-'}'_Z" i E,—Zc.'f.—z.'

where & is a coefficient that is the function of bottomslope
(2). It shows that = is a relatively small number (close to 1).

Therefore, (1) can be done at sloping bottom where there
will be the values of 5—1 and 5—

2.1. Wave Number Conservation Equation

Velocity potential equation (1) is obtained using variable
separation method, where velocity potential is considered
as the multiplication of 3 (three) functions, ie.
o,z t) =X I T, X(x) is just an x function,
Zz) is just a = function and T (£ is just a time function. At
(1), Z(z) = cosh k(h + z) | If (1) is done on sloping bottom

22 lz) Zcosh klh+z) - B RlR+z)

- :T=S!.:‘1h k(R +z)l—//—= ] , in this

equation the one with the value of zero is

gk lh+z)

— =0 2

for all = value. Therefore, the value of k(i +z) =c,
where ¢ is constant, that is the same for all flow field where
the wave moves. For a wave to move from deep water to
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shallower water, (2) applies. If (2) is done atz = i then for

a wave moves from water depth f; to shallower water

depth hy, the following relation applies:
HT' fy 'Lt"-; + 'J—il Then from water depth 1, to

|I1 4

water depth hy the following relation applies

ko | | o + —I =k (h, +2) =1, (h, +2) or
t (B + )=y LRy + 7

ko ( t‘-: + T‘J =c. Therefore, for === the relation

3
between wave number and wave amplitude is obtained at
the breaking location with wave number and wave
amplltude at the deep water, i.e.,

ko (e +28) =k (R +2) L (3)

kp is breaker wave number, iz breaker depth, Az breaker
amplitude, k; deep water wave number, f; deep water
depth and Ay deep water amplitude.

Using (2), the derivative of wave number k. can be
formulated If (2) is doneat z=10 then— = Cor,

Using (4), the derivative equations that are higher than
wave number can be formulated, for example for = = 0, by

Henceforth in this article, the calculation of — and _—

refers to =z =10, Using (5), the third dlfferentlal can be
obtained, and so forth. .

Based on (2), the following relations also apply,

tanhk(h + z) = tanhky(hy + 20 .. (6a)
coshk(h + z) = coshky(hy +20 .. (6b)
sinhk (h + ) = sinhky,(hy +2) .. (6c)

Therefore, using (6a-b-c), equations which contain those
three elements are elements that are known, i.e. similar to
the value at the deep water.

2.2. Energy Conservation Equation
From velocity potential (1), horizontal—x velocity equation

is obtained,
d& di .
u=——-= (Eks[ﬁ?cx - cus?cx}cush?cth + ) singt
dx \ dx

.(6)
du gk aG s Y
— = | Gk*coskx + & — sinkx+ 2—} n’:-'.‘l?’ufx—— coskx
dx dx dx dx?

Page | 117


https://dx.doi.org/10.22161/ijaers.6.1.16
http://www.ijaers.com/

International Journal of Advanced Engineering Research and Science (IJAERS)

https://dx.doi.orq/10.22161/ijaers.6.1.16

[Vol-6, Issue-1, Jan- 2019]
ISSN: 2349-6495(P) | 2456-1908(0)

coshk(h + zlsingt ... 7

and vertical—= velocity equation,

. .
wlr,z,tl = —

. . P R
= —Gkeoskxsinhk(h + z)singt

Equatlons (7) and (9) are substituted to continuity equation

it ]

—+ :Z—U and are done at the condition

coskx = sinkx = cosot = singt = — and then the

equatlon is d|V|ded by coshk (h + z) to obtain equation,

G——ﬁf——%_n (10)

Considering that (10) is formulated using continuity
equation that is a mass conservation equation, it can be
called mass conservation equation. However, considering
that & is the speed of energy transfer, then (10) can be
called energy conservation equation. The relation between

G and E— can be formulated using (10). The simplest way is

by doing the assumption of longwave where ;— can be

ignored, which in this case the following equation is
obtamed

G i

I
—~
[N
=

T R PP PP PP P PP PP
2 dx

) can be written as,

= rsj—j_—zkﬁ

—~ ||||||
|

2]
&
(A1)

P

(12)

is differentiated against horizontal-x axis and

following relation is obtained: :_—:'—a G where

A relation with higher degree of accuracy can be obtained
by differentiating (13), and then the procedure that has

been done before is executed. The relation between & and
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Z— is needed in various other analyses, whereas Z; and%
are obtained from (4) and (5).

I1l.  STUDY OF KINEMATIC FREE SURFACE
BOUNDARY CONDITION
The execution of kinematic free surface boundary condition
3 =w, —u,=" (the coefficient 3 will be discussed in
the next paper) at sloping bottom where there are values 5—

and :; with horizontal velocity u from (6) and vertical

velocity w from (8), andmn = Acaoskxcosat and the
equation is executed at
coskx = sinkx = cosot = singt = —, to obtain

30A = Gksinhk (b +2) — (Gk — 2] coshk (h + 2) (22)..
..(18)
Substitute (16)

30A = Gk (tanh.’c (h + ;J —-w (?J) cnshk(h + ;]

(19) is differentiated agalnst x axis. Differentiation is
done considering (2), 'a_l at the second term on the right
can be considered as the multiplication between wave
number with water depth A, then :i'.k£| =0, wave

amplitude change equation is obtained, i.e.

A oty o Ay Teay A
Jo—= Gl-:[pn' _EE} (xtanhn' |:.h +E} —i1—p) (?}) coshk |:.h + E}
Breaking occurs at ;—1 =0, then breaking occurs if
l::tanh.‘{ {;h +4-a-w 'kEI | =0, hence
gy tamhilhed)

DT T i e (20)

At a shallow water where the profile of the wave is cnoidal
(Hutahaean  (2010)), Hy=4;. From (6a), then
t&”‘lhk.' h —5| tanhk; ||:1, fT]. If as hy deep water

depth is used where tanhlk; 'xhi —L| =1, and bearing in
mind that & = —_ then :— =7 -
L B (1-p

breaker correlation with bottom slope as shown by Galvin
(1968) and Goda (1970).

IV. DISPERSION EQUATION
Surface momentum equation of Hutahaean and Hendra
Achyari (2017) is,

a2y 2

=__| L orar rar |—i_'—
Utlz_\_ oy WUyl + Wy ) — g
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By studying the formulation of total acceleration equation
- for right side. The

formulation will be written in the next paper and the
momentum equation becomes,

du 1¢4d ey

(Ejnn = —g (E{uﬂuﬂ + w“w“} — gaj
Bearing in mind that in this research the dispersion
equation will only be used at the deep water, where the
wave profile is still flat, the convective acceleration can be
ignored.

using Taylor series, coefficient

With horizontal velocity of u  from (6) and
n = Acoskxcosot and the equation is executed at the

condition of coskxr = sinkx = cosot = singt = —

&= ";TM ned) is obtained.
25 lk—ocleoshi R+T
Substitute (15) to &
G = #,. ....... (22)

- —plcoshk :.-__

The kinematic free surface boundary condition (19) can be

written as an equation for G.

BaA
G = i an . 5 "I Ay o (23)
k| tanhk |:h +:JI—'.:L—|.|:|[jk_,—'1J,I |coshk |:h +=)

Equalizing G at (22) with G at (23), produces,
1_4 Ay _ gkl4

(1 - wo? = Lktanhk (h +3) - T2 (28)

This equation is a dispersion equation where there is wave
amplitude 4 as its variable, or in other words wave number
k obtained from (24) is a wave number influenced by wave
amplitude. Kortweg de Vries (1895) and Stokes (1847)
stated a wavelength equation (dispersion equation), where
there is wave height as its variable. This (24) equation will
be used to calculate wave number at the deep water. At

deep  water where fanhk, 'kh: ——I =1 for

ko (b +2) = @

, SPM (1984) uses o« = m, with

. i L' — h'\' —_ - -
tanhle) = 0998272 where L—':l:].:u, in this research

o =11r is used with tanh(z) = 0.98800%, Therefore,
(24) becomes quadratic equation for wave number &.

Q-wor=L(-22) (25)

V. ENERGY EQUATION OF LINEAR WAVE
THEORY
The energy equation of linear wave theory (Dean (1991)),
i.e. total energy wave per unit width is

E,=cpgH®L L (26)

I
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£ is water mass density. For a wave moving from deep
water depth to shallower water depth, by assuming that
there is no energy loss in its way then the following relation
applieS'
HiL=HiL, . 27)
VI. SUMMARY OF EQUATIONS FOR
BREAKING ANALYSIS

Equatlons at breaklng analysis are as follows.

e ypeeere )
From (20)
~=r (28)
¥ = ___'!__, - L (29)
Actually tanhk, ':Ui"’ + 1— | =1.can be used. Substitute
(28) to (27), where at breaker depth 4y = Hy,

- 12
4..- Kp

ky = 9( P ] ......... (30)
From (28),
H,=2 L (31)
Substltute (28) to (3)
hs :—‘ — (32)

HE

VII. THE STEP OF BREAKER CALCULATION
With an input of deep water wave height Hy (4, = —)

and wave period T, where ¢ ==, deep water wave number

ky is calculated using (21), where at deep water z; =0 |
see (4), (5) and (15). Deep water depth hy , is calculated

using the following equation: iy = -

A. Initial calculation
k; is calculated using, ¢* = %(kn - M) equation
If it is requested, after %y is obtained p is
calculated with (17), and %z is re-calculated with

(- wor=d (D kDAJ

2

B. The calculation of breaker wave number %z and
breaker depth

a. (khl = 'k h,,
b. u=- (17)
C.VY=—"Tfr_+7 e (29)
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d.k, =2 .kﬁ j .(30)
e hy=— 2+ — (32
C. Calculate: Hy == ..(31)

VIIl. THE RESULT OF THE EQUATION
As a comparator, the previous breaker index equations will
be used
a. Breaker height comparator.
As a comparator for the breaker height calculation result,
average value of six breaker height equations are used, i.e.:

Komar and Gaughan (1972)
]

Hp =~ fHpY s

P 0.36 | PP RN (32
Singamsetti and Wind (1980)

:'= = 0.575m% f— R (33)
Larson and Kraus (1989)

ol =0.53 —I ..................... (34)
Smith and Kraus (1990),

—-LED+0.EEmM
i—’:'UE-{—?Mﬂll—l .......... (35)
Gourlay (1992),

- B
:— = 0,478 —| .................. (36)

Rattana P|t|kon and Shibayama (2000) :

|
[CR IS

£ = (10.02m° — 7.46m° + 1.32m + 0.55) (2

b. Breaker depth comparator

As a comparator of the result of breaker depth calculation,
breaker depth index from SPM (1984) is used, with breaker
height as mput that is obtained froma

%.  o_|EFZ) atau hz = ;_:i‘;'-_ _________ (38)
hgTE Sl

a=43.73(1 — ™M) b= ——r

c. Breaker length comparator

As breaker length comparator, breaker steepness equation
from Miche (1944) is used:

e i S (39)

Li ":

This equation uses breaker height input from a and breaker
depth from SPM (1984), and breaker length Lz s
calculated.
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Table (1) presents the calculation results of breaker height
Hy, breaker depth hz and breaker length Lz. The
calculation is done using bottom slope m = 0.003 or

dh

=y — —U.005. The wave period varies from 7 — 10 seconds,
with deep water wave height of 0.6 — 1.80 m. Table (1) also
shows that breaker height X is quite close with average
values of Hy from 6 breaker height indexes. Breaker depth
hy is quite close between the two methods. Breaker length
differs large enough with (39). Since the differences in
breaker depth is not too large, the differences at this
breaker length is assumed that (39) was formulated based
on the wavelength of linear wave theory which resulted in a

long wavelength.

Table.1: The comparison of i, iy and Ly

H, H, (m) ki (M) Ly (M)
(m) | Model | (a) | Model | SPM | Model | Miche
Wave Period 7 : 7 second
0,6 09 [ 092 | 1,17 | 1,14 | 298 | 12,85
09 12 | 125 | 148 | 155 3,78 17,22
1,2 137 | 156 | 169 | 194 | 433 21,15
15 Breaking at deep water
Wave Period T : 8 second
0,6 105 (09| 129 | 1,21 33 13,81
0,9 134 | 134 | 166 | 1,65 | 423 | 1855
12 158 | 1,66 | 1,95 | 206 | 499 | 2283
15 1,77 | 1,97 | 217 | 245 5,56 26,77
18 Breaking at deep water
Wave Period T : 9 second
0,6 114 | 104 | 141 | 1,28 3,6 14,68
0,9 147 | 141 1,82 | 1,74 | 464 19,77
12 175 | 1,76 | 216 | 2,17 5,52 24,36
15 1,9 | 208 | 245 | 258 | 627 | 2861
18 218 [ 239 | 269 | 297 | 688 | 32,59
Wave Period T : 10 second
0,6 123 | 1,09 | 152 | 1,34 | 388 | 1548
0,9 16 | 148 | 197 | 183 | 502 | 2087
12 191 | 1,85 | 235 | 228 | 601 | 2575
15 218 | 219 | 2,69 2,7 6,87 30,28
18 242 [ 251 | 298 | 311 | 7,62 | 3453

Note : (a) Average of 6 breaker height indexes

Table(2) is the value of breaker depth index H— and breaker

Hg . . .
steepness _, for Hy, hy and Lz in Table(1). Both the model
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and (38) produces J— that is constant against deep water

wave height and wave period.

I

The model produces constant breaker steepness — ,

against deep water wave as well as wave period at the value

of Z2=0318 =2 (39) also produces = which is

constant, i.e. i = 0.07. The difference is assumed caused
by the use of a too long wavelength at (39).

ar.
L

— and

B

Table (2) Comparison of

Zr o
i

H, H, (m) By (M) Ly (M)
(m) | Model | (a) | Model | SPM | Model | Miche
Wave Period T : 7 second
06| 095 | 092 081 | 081 0.32 0.07
09| 12 | 125| 081 | 081 0,32 0,07
12| 137 | 156 | 081 | 081 0,32 0,07
1.5 | Breaking at deep water
Wave Period T : 8 second
06| 105|098 081 | 081 0,32 0,07
09| 134 | 134 | 081 | 081 0,32 0,07
12| 158 [ 166 | 081 | 081 0,32 0,07
15| 1,77 | 197 | 081 | 081 0,32 0,07
1.8 | Breaking at deep water
Wave Period T : 9 second
06| 114 | 1,04| 081 | 081 0,32 0,07
09| 147 | 141 | 081 | 081 0,32 0,07
12| 175 | 176 0,81 0,81 0,32 0,07
15| 199 | 208 | 081 | 081 0,32 0,07
18( 218 | 239 | 081 | 081 0,32 0,07
Wave Period 7 : 10 second
06| 123 | 109 081 | 081 0,32 0,07
09| 16 | 148 081 | 081 0,32 0,07
12| 191 | 1,85| 081 | 081 0,32 0,07
15| 218 | 219 | 081 | 081 0,32 0,07
18| 242 | 251 0,81 0,81 0,32 0,07
Note : (a) Average of some breaker height indexes

The proposed analysis breaker parameter method is quite
simple and easy to use. However, if requested, a calculation
can be done using simpler method, i.e.
a. Breaker height 3 is calculated with one of the
persamaan breaker height index equations or using
average value from some breaker height indexes.
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b. Breaker depth hz is calculated with the equation:
2= 081

ar.

c. Breaker length L is calculated with

Lp

IX. CONCLUSION

Breaking elements, i.e. breaker height and breaker depth
are quite close with the result of breaker index equations.
There is a significant difference at breaker length, which is
assumed due to breaker steepness equation as well as
breaker depth that are formulated based on the wavelength
of linear wave theory which produces a too long
wavelength. In addition, it is already known that that
dispersion equation of linear wave theory cannot be
executed at shallow water. Therefore, further research is
needed on wavelength analysis method at shallow water
and deep water as well.

From the result of the study, a conclusion can be drawn that
velocity potential of linear wave theory possesses breaking
characteristic, where the breaking equations can be
formulated using the velocity potential. With the presence
of breaking characteristic at the velocity potential, it is
estimated that wave transformation analysis method can be
developed where breaking can occur automatically using
velocity potential of linear wave theory.
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