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Abstract— Continuity equation for wave modeling is still being developed. There are quite a lot of versions of this
equation. This research formulates continuity equation in a simple form to simplify its numerical and analytical

solution.

The formulation of the continuity equation is done by performing mass conservation law in a water column with free
surface and by performing weighted total acceleration. Then, the continuity equation is performed along with the
surface momentum equation and completed numerically to modeling one-dimensional wave dynamism. The equation

is capable of modeling shoalingand breaking.
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l. INTRODUCTION

Time series water wave equation is generally called
Boussinesq type equation.There are quite a lot of versions of
Boussinesq equation, either its continuity equation or water
surface equation as well as its momentum equation. Those
equations generally consist of the second or higher
differential elements which quite complicate the solution
both analytically and numerically. Some researcher who have
developed Boussinesq equation are among othersBoussinesq,
J. (1871), Dingeman, M.W. (1997), Ham;L., Madsen, P.A.,
Peregrin, D.H. (1993), Johnson, R.S. (1997), Kirby, J.T.
(2003), Peregrine, D.H. (1967), Peregrine, D.H. (1972) and
many more.

Governing equations in this research are water surface
equation and surface momentum equation, both of which use
particle velocity at the surface as the variable and both are in
the form of time and space differential equation in simple
form. Water surface equation is formulated based on mass
conservation law and by performing weighted total
acceleration at the Kkinematic free surface boundary
condition. The momentum equation is obtained by
performing weighted total acceleration at the Euler
momentum equation. The integration with water depth from
this momentum equation produces surface momentum
equation with particle velocity variable at the surface.
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Both governing equations are done using numerical method
where spatial differential is done using finite difference
method, whereas time differential is done using corrector
predictor method.

1. TOTAL DERIVATIVE EQUATION
Hutahaean (2019a) developed weighted total acceleration

equation at water particle in horizontal direction, i.e.,
3—?=y2—z+u§—z+waa—: ......... 1)

uis particle velocity in horizontal-xdirection andwis particle
velocity in vertical-z direction. Weighted total acceleration,
was actually formulated for the function f = f(x,t).
However, in this research it is performed at f = f(x, z,t),
because the wave being discussed is a wave moving to
horizontal-xdirection and vertical z dimension is eliminated
with the integration process, so the equation becomes a

function of f = f(x, t).

The changes in total water surface elevation is
bn _ a1 an )

dt at T Unax
n = n(x, t)is water surface elevation against still water level
(Fig. 1). In (1) and (2) there is time coefficient or time scale
at time differential i.e. ywith a value of 2.87-3.14 in
Hutahaean (2019a,b). The value of y is very much
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determined by basic equation in which the total acceleration
was performed. In this research the correspond yvalue of
2.00 is found.

Based on (2), then kinematic free surface boundary condition
that was formulated from total derivative equation of the
changes of a surface (Dean (1991)), becomes

_ . dn dn
—)/5+una ........ (3)

u,is the velocity of horizontal-xdirection at the surface.

. CONTINUITY EQUATION
3.1. The formulation of continuity equation
Continuity equation or water wave surface equation will be
formulated in a water column (Fig.1.) with free water
surface, where as a result of an input-output in a water
column in a very small time interval ydt, a change in water
surface elevation of 61 occurs so there is also a change in the
per width unit volume of énéx. For a very small
dxwheredx = dx
om = géndx
The change in water mass from input-output process (Fig. 1.)
is,
om = p(u —(u+ 5u))526t

+(W -(w+ 5w))5xy6t

ou ow

om=—p <6x + 6_) 6x6zydt

Total change in water mass in the water column at very small
dxandéz,

dm=—p fn (au ?}—:) dzdxyét ... (5)

his water depth against still water level, n = n(x,t)is the
water surface elevation also against water level..For
incompressible fluid, §min (4) is the same asémin (5),

n(x.t)
T

X w+8W
el
Tw

5x V/
Sea bed

-

v

Still water level

—

Fig. 1: Water column to formulate continuity equation.
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P sndx = fn(au+aw>dd St
201X =P | \gx " ag) v

Both sides are divided by p, dxandydt,

on dy = f” (E[u_I_EIW)d
2y6t x==p _n z

For a very smallét,

Dn J‘"(au+aw>d
2yt ), \ax az)"

Substitute (2) to the left side of the equation
1dn u_r,a_r)= _f” (au E[W)dz

2dt  2ydx _p\dx  dz

The integration of the second term of the right side is done
and substituted kinematic free surface bondary condition and
kinematic bottom boundary condition,

( 4 )E[n J‘"E[ud (1+ 1) dn
YFT ax 2y) 11 ax

The integration of the first term right side is performed with
Leibniz integration (Protter (1985)),

Jﬁy Z__J fdz_fﬁax f“ax

Obtain,
Jn du _d (" dn dh
_pdx T ax _hu P gy T Y hax
(6),becomes

N\dg _  d un dn
(43T =g lludz =55 e "

Integration in the right side in (7) is done using velocity
equation from Dean (1991) and the result of integration is
expressed as a function of surface horizontal velocity w, in
order to correspond with momentum equation that produces
surface velocityu,. Velocity potential equation as the result
of Laplace equation solution (Dean (1991)) is

®(x,z,t) = Geoskxcoshk(h + z)sinat  ....(8)

Gwave constant, k wave number ando angular frequency.
Particle velocity in horizontal-x direction is

do
u(x,z,t) = ™
= Gksinkxcoshk(h + z)sinot.......(9)
Using (9), u= % » » then integration in (7)
becomes,
d " d (" coshk(h + z)
dx _hudz N af_h coshk(h +1) " 1%*

Completing the integration will obtain
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d d (untanhk(h + n))
— | udz=——""7-7—
dx J_, dx k

From the wave-number conservation equation (Hutahaean
(2019a)), tanhk(h + 1) = tanhky(hy + 1) = 1, wherek,is
wave number in deep water, hyis deep water depth andn,is
water surface elevation in deep water, can have a value of
Az—"or others, Ayis wave amplitude in deep water. Therefore,
the result of the integration becomes,

d (" d u
Tx _hudz = a(%)
Substitute the result of integration to (7),

(y+§)a_n_ _i(%)_“lal ...... (10)

ac dx 2y dx

Equation (10) is a continuity equation that will be used in this
researchor water wave surface equation in the form of
differential equation. In (10), there is wave number
kparameter that should be known, and some other
characteristics that should also be known, among other is
deep water depthd,, i.e. maximumwater depth if the equation
was done in water depth dwhich is bigger than d,, so the
calculation is done using dy.Next is wave amplitude
MaximumaA, .., i.e. maximum amplitude in a wave period
that can be inputted to the model.

3.2. The calculation ofA,,,,.andd,.

It’s been known that there is a relation between water depth
dand wave number k, then the calculation will be easier if in
(10) wave number kis substituted with water depth d.
Whereas the equation for wave number in deep water kycan
be calculated using the following equation, the formulation
of an equation outside the scope of this research, will be
written in the next paper.

1
Y (y + E) 02 = gko(1 — koAg) e, (11)
A,is wave amplitude which is an input, k,is deep water wave
number, o is angular frequency, o = 27" Tis wave period.

koin(11) can be calculated using simple calculation, i.e.
finding the root of the quadratic equation. (11) can be

completed if determinant D = g% — 4gAy (y + %) a?is
bigger than or the same as zero.In case of D = 0,obtains

I (12)

Aomax = W

In deep water tanhk, (do + AZ—") = 1 applies. Assuming that
wave amplitude is much smaller than deep water depth, or
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zATO &« 1, A, deep water wave amplitude andd, deep water
0

depth, then the following relation applies
Ag Ag

tanhk, (do + 7) — tanhkyd, <1 + Z_do)

= tanhk,d, = 1

kois wave number in deep water depth d,,. As deep water the

following criteria is used

kodo = 1.7 ... (13)

wheretanh1.7m = 0.999954 =~ 1, the uses of this

1.7 mvalue is also based on the review of the produced

breaker depth. kywas obtained from (11), therefored,can be

calculated using (13).

Bases on wave number conservation equation (Hutahaean

(2019a)), the relation between wave number kg in a depth d,

with wave number in deep water is,

kq(h+n) = ko(do +17,). Assuming that 22«1, then
0

kd(h + 17) = kodo =1.7n .OI’,

1.7

3.3. The Final Water Wave Surface Equation
By substituting (14) to (10), the final water wave equation
was obtained with water depth das its parameter, i.e

(r+}i=-2(em) - m2

Therefore. There is no need to calculate wave number k.
An example of the calculation of deep water wavelength

Ly = i—’: , deep water depth doandAg ,qWhere y = 2.000is

used is presented in Table (1) below.

Table.1: The value of Ag nay, doandLg

T |Aomax | do Lo do
(sec) | (m) (m) (m) Lo
6 | 0447 | 4929 | 5798 | 0,85
7 | 0608 | 6708 | 7,892 | 0,85
8 | 0794 | 8762 | 10,308 | 0,85
9 | 1,005 | 11,09 | 13,047 | 0,85
10 | 1,241 | 13691 | 16,107 | 0,85
11 | 1502 | 16,566 | 19,489 | 0,85
12 | 1,787 | 19,715 | 23,194 | 085
13 | 2,008 | 23,137 | 27,221 | 085
14 | 2,433 | 26,834 | 31,569 | 0,85
15 | 2,793 | 30,804 | 36,24 | 085
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Iv. MOMENTUM EQUATION
Weighted total acceleration equation is done in Euler
momentum equation in horizontal-xdirection and vertical-
zdirection consecutively (Anderson (1995)),

Ry e (17)
dt dx dz pdx
dw w8 13
Y tugn TWo, s 9 e (18)

(18) is written as an equation for pandthe nature of irrotional
flow was performed i.e.z—‘: = 3—;‘, the equation is integrated to

vertical-z axis, surface dynamic boundarycondition is
performed, i.e. p,, = 0, and differentiated against horizontal-

x axis.
1dp d ("dw 1d
—_——_— —_— —d + P z + z
pax ax), a ¥t aa ()
18 ey g g0
2ax(u +w)+gax ..... (19)
In (17) the nature of irrotional flow was performed, i.e. 3—: =

z—'::, and substitute (19) to the right side of the equation,

du d "E[wd
Var ™ Vax), ac ™
1d 2 2 dn
—Ea(un +Wn)—ga ..... (20)
The solution of ;—fo"Z—"t’dzis done using velocity potential

(8), where the particle velocity in horizontal direction is in
equation (9). Particle velocity in vertical-z, is

w=— % = —Gksinhk(h + z)coskxsinat
...(21)
1—‘: = —Gksinhk(h + z)acoskxcosat ........ (22)
(22) is integrated against time t
Tdw
J; E[_tdZ =
—G(coshk(h +1n) — coshk(h + z))
ocoskxcosat
Differentiated against horizontal-x axis
d (7dw
Tx ] E[_tdz =
Gk(coshk(h + 1) — coshk(h + z))
osinkxcosat

Equation (9) is differentiated against time ¢, %=

Gksinkxcoshk(h + z)ocosat, which shows that this form is
in— "a—wdz, so the following relation is obtained

dx 7z dt
d (mdw du, du

ax), ac ™ T A " ar
Substitute this equation to (20),
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un _ (13 (2 42 an\ 1

= (2 = (u2 +w2) + gax)y .............. (23)

(23) is surface momentum equation that produces surface
. . d rndw .

velocityu,. By completing Tz Edzwnh the method

above, then in the momentum equation there is an influence

of continuity equation or momentum equation that was

produced and controlled by continuity equation. Another
control by continuity equation on momentum equation is on

variablew,, ,
continuity equation. Therefore, momentum equation (20) is

controlled by water surface equation.

- d d dn. .
i.ew, =y =L+ u, —wherelis obtained from
n at M ax at

V. RESULT OF THE MODEL

5.1. Numerical Solution

In this research, water surface equation and momentum
equation are done with finite difference method for spatial
differential, whereas time differential is done using predictor-
corrector method based on Newton-Cote numerical
integration (Abramowitz (1972)). Whereas the predictor-
corrector method is as follows. As an example water surface
equation (15) will be done. The water surface equation can
be written in the form of,

dn
7 =FO
_ 1 i un(d+n) ﬂa_n
F(t) - (y+%) (Elx ( 1.7 ) + 2y Elx) """ (24)

The equation is integrated against time from ¢t = t — §tuntil
t =t + 8t, where the integration of the right side of the
equation is done with Newton-Cote numerical integration
with 3 (three) integration points,

t+8t t+8t
J dn = J F(t)dt
t t

-8t -8t
1 4 1
t+6t — t—6t St <_ Ft—&t _Ft _Ft+6t>
7 A L
....(25)
Ft*9%is unknown number, therefore it needs to be predicted

using Taylor series and finite difference method, where the
step is called predictor step, i.e.

pt_pt-6t

Fo*ot = Ft 4 ¢ ) .(26)

Substitute (26) to (25), the value of nt*3tprediction can be
calculated. With similar way, momentum equation is done,
and uj*%prediction is obtained. With those prediction

values,Ft*%tcan be calculated with (24), and (25) is done.
This step is called corrector step. This corrector step is also
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done on momentum equation interchangeably with the water
surface equation, and repeated until a convergence is reached
S t+6t S5 t+5t H
where [n&haf — nbit| < eand|uftdl, — ubtih| < ewhereeis
a very small positive number as an iteration accuracy criteria.

Generally, a convergence is reached with 5 iterations.

5.2. The Result of Model Execution

a. In constant depth of 11.0 m

In this section the model is done in a channel with a constant
water depth of d = 11.00 m, with wave period of 8 sec.,
wave amplitude A, = 0.794 m, where actually that does not
mean that wave height is twice that of wave amplitude,
Hutahaean(2019 c).Deep water depth for this wave is d, =
8.762m. In the case that dis bigger thand,then the
calculation of(d + n)in (15),(d, + 1) is used. The model is
done wusing two boundary conditions, i.e. closed-end
boundary condition where horizontal velocityu = 0, whereas
in the opened-endthe model was given an input, i.e.
sinusoidal waven, = A,sinat. The input is done only for 1
time wave period.

The result of the execution for 8, 24, and 40 sec. is presented
in (Fig.2.). In the execution for 8 sec., the wave profile is still
in the form of sinusoidal, but the wave trough elevation is
smaller than the elevation. In the execution for 24 sec, the
formed wave trough is getting smaller and farther away,
similarly with execution for 40 sec, the wave trough is
getting smaller and farther away where water ripple is
formed and the form of the main wave is a perfect cnoidal
wave or more accurately it is called solitary wave.

As a conclusion of the model execution in this constant water
depth is that in the deep water, the equation used produced
perfect cnoidaltype wave or also can be called as solitary
wavetype, even though the input of sinusoidal wave, the
wave trough part disappears.

0 20 40 60 80 100

x (m)

— t=8.0 sec. t=24.0sec. t=40.0 sec.

Fig.2.Wave profile after the execution for 8,24 and 40 sec.
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b. In a changing depth

With the phenomenon of the evolution of sinusoidal wave
into cnoidal wave, in the model execution at the an uneven
bottom, before the wave enters the water with slopping
bottom, the wave is given evolution zoneg, i.e. in front of the
water in the form of water with constant depth.

Evolution zone

»
>

A

1 do

Fig.3. Sea bed for model execution at uneven bottom.

The calculation is done with evolution zone length of 100 m
(Fig.3) with constant water depth ofd = 11.0 m, then the
water depth changes until the depth of 1.0 m, with a distance

2~ 0.05.
200

The wave used here is wave with wave period 8 sec., wave
amplitude 0.794 m, with the result of calculation shown in
Fig.4. and Fig.5.Coming out of the evolution zone, shoaling
occurs followed by breaking, with a breaker height H, =

1.546 m, at breaker depth h;, = 1.969 m, where % = (.785.
b

of 200 m, with tangent of bottom slope i.e. % =

This condition is obtained by multiplying the second term of
the water wave surface equation (15) with a factor of 2.5, so
that (15) becomes,

( n 1) dn _ a (un(d+n)) 2.5uy dn
2/at - ax\ 17w 2y dx’

This coefficient 2.5 is obtained by experimentation in order
to obtain %approximates 0.80. Coefficient 2.52 can also be
b

used where % = 0.81was obtained but the equation becomes
b

unstable after the breaking. Therefore, further research is still
needed on water wave surface equation as well as momentum
equation that was used.

0 100 200 300
X (m)

eta eta-max

Fig 4. Wave profile (n) and wave crest elevation(1,,,4.)
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14
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— 0.4
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-0.2
-0.4
0 100 200 300

x (m)
Fig 5. Wave profile (n) after breaking

VI. CONCLUSION

As has been shown that model can produce two main
phenomena that occur at the water wave on its way to
shallow water, i.e. shoaling and breaking. At the deep water,
at a constant depth the profile of perfect cnoidal wave is
formed which is also called solitary wave. Behind the main
wave, wave ripple is formed which is also known as undular
wave. Therefore, it can be said that the equation that was
produced in this research can model several phenomena at
water wave found in the nature.

Further research that needs to be done is to study the
phenomenon at the equation by producing analytical
solution. Considering the simple form of the equation, the
analytical solution of the water wave surface equation can be
obtained easily, i.e. using velocity potential equation from
Laplace solution equation. By studying analytical solution, it
is expected that an explanation will be obtained on the
appearance of coefficient 2.5 at the second term of the water
wave surface equation.
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